The role of topology change in a fundamental theory of quantum gravity is still a matter of debate. However, when regarding string theory as two-dimensional quantum gravity, topological fluctuations are essential. Here we present a third quantization of two-dimensional surfaces based on the method of causal dynamical triangulation (CDT). Formally, our construction is similar to the c = 0 non-critical string field theory developed by Ishibashi, Kawai and others, but physically it is quite distinct. Unlike in non-critical string theory the topology change of spatial slices is well controlled and regulated by Newton's constant.
Causal quantum gravity, topology change and Euclidean quantum gravity
Why do we study two-dimensional quantum gravity? Firstly, one can test quantisation procedures for gravity in a simple setting. Secondly, it has long been known that string theory can be viewed as twodimensional quantum gravity coupled to matter fields. This particular view of string theory spawned the development of the dynamical triangulation (DT) approach to quantum gravity. This method is particularly powerful in two dimensions, since exact nonperturbative solutions can be obtained by loop equations or matrix models. In the nineties the DT approach was invoked in an attempt to nonperturbatively define four-dimensional quantum gravity through computer simulations [1] . The results were not satisfactory however since no suitable semiclassical limit was found.
To improve this state of affairs the method of causal dynamical triangulation (CDT) was developed [2] . Contrary to the aforementioned applications of DT, CDT incorporates some essential Lorentzian features. Recent computer simulations indicate that in four dimensions CDT does lead to a sensible classical limit [3] , unlike in earlier attempts employing DT.
To better understand the relation between the Euclidean (DT) and the causal (CDT) approach we study a generalisation of the 2d CDT model [4, 5] . Let us start with a discussion of the original 2d CDT model as introduced in [2] .
A natural amplitude in CDT is the so-called proper-time propagator. This amplitude is computed by a functional integral over all "causal" geometries with topology S 1 × [0, 1]. It computes the transition amplitude between an initial and a final boundary, where all points on the initial boundary are separated a geodesic distance t from the final boundary. Here the term causal geometry refers to Euclidean geometries that can be obtained from Lorentzian geometries through a Wick rotation defined in the discrete formalism of CDT. This restriction requires spatial sections of the geometries to be a single S 1 and not change as a function of time. Formally, the proper-time propagator is given by the following equation
where λ is the cosmological constant, x and y are the boundary cosmological constants and g µν is the causal world sheet metric. By taking the continuum limit of a discrete iteration equation it can be shown that the proper-time propagator satisfies the equation
which can be solved in a straightforward manner to obtain G λ (x, y; t). For some purposes it can be more convenient to study correlators G λ (l 1 , l 2 ; t) where the lengths of the boundaries are fixed rather than the boundary cosmological constants. Since the lengths of the boundaries are conjugate to the corresponding boundary cosmological constants, the different propagators are related by Laplace transformations,
Strictly speaking it is not possible to define a disc function for a Lorentzian theory of two-dimensional quantum gravity, assuming that the disc boundary represents an instance of constant time. The reason is that it is impossible to cover the disc with an everywhere nondegenerate Lorentzian metric. This is however possible if one excises one point. Consequently one can define the CDT disc function by the ensemble of punctured discs which is given by
Starting from the discrete setup one can now also include the possibility of the spatial topology to change as a function of proper time t keeping the space-time topology fixed to be S 1 × [0, 1]. In [2] it was shown that the corresponding propagator is given by the partial differential equation
Here a is a ultraviolet cutoff, η and ε are the scaling exponents of the regularized disc function and time respectively, and g is a coupling constant assigned to each splitting of the spatial universe. In [2] it was shown that if the coupling constant does not scale, there are only two possible scaling relations:
The first possibility (i) corresponds to the scaling of causal quantum gravity for η = −1. Inserting this scaling relation into (5) implies that g must be set to zero and one recovers (2) in which no spatial topology changes are allowed. For the scaling (ii) one recovers 2d Euclidean quantum gravity as defined through Liouville theory or matrix models. In this case the kinetic term is subdominant and the dynamics is purely governed by the splitting of spatial universes, i.e. 
It is possible to show that in this continuum limit there is a baby universe at every point in the quantum geometry. One can see this by contracting the final boundary of the propagator. After contraction the propagator reduces to the disc function with a marked point that can be located anywhere in the bulk, i.e. ∂W 
Inserting this into (6) and absorbing the dimensionless factor 2g in the cosmological constant, one obtains the disc function of 2d Euclidean quantum gravity
In the previous section we showed how starting from 2d CDT one can obtain 2d Euclidean quantum gravity when allowing for spatial topology changes. Under the scaling relations (i) and (ii) discussed above, there was only the possibility of either zero or infinite numbers of spatial topology changes. However, in [4] it was shown that there exists a unique renormalization of the coupling constant that leads to a well defined double scaling limit g = g s a 3 .
In this scaling limit spatial topology changes are included in a controlled manner. The partial differential equation for the propagator then reads
Interestingly, the model described by (10) can be solved to all orders in the coupling constant [4] . In particular, one obtains for the disc function [4] that
For g s = 0 one recovers the disc function of the pure CDT model without any spatial topology changes, however, as shown in [4] , it is not possible to obtain the disc function of Euclidean quantum gravity as an analytic continuation in g s . It is interesting to give a gravitational interpretation to the coupling constant g s . As was mentioned above, the disc function of a Lorentzian theory of 2d quantum gravity needs one point of the manifold to be excised. Since each baby universe that splits off is essentially a disc function, a surface with N baby universes contains N punctures. Because of the Gauss-Bonnet theorem each puncture is associated with a factor of one inverse Newton constant 1/G N . Hence, we can make the identification g 0 (a) = e −1/GN (a) , where G N (a) denotes the "bare" gravitational coupling constant. One can introduce a renormalized gravitational coupling constant by
which leads to the identification e 1/G ren N = g s /λ 3/2 . The corresponding scaling limit of 2d Euclidean quantum gravity reads 1
3 A string field theory for causal and Euclidean quantum gravity
In string field theories (SFT) one defines operators that can create and annihilate strings. From the 2d quantum gravity point of view we thus have a third quantization of gravity, where one-dimensional universes can be created and annihilated. Such a formalism was developed in [6] for non-critical strings, i.e. 2d Euclidean quantum gravity and recently in [5] as a third quantization for CDT reproducing the results of the previous section. The starting point is the assumption of a vacuum from which universes can be created. We denote this state by |0 and define creation and annihilation operators:
The Hamiltonian for the CDT SFT is given by [5] 
The first term is the "second-quantized" Hamiltonian of the pure CDT model,
The third term corresponds to the splitting of strings with the assigned coupling g s and the fourth term to the joining of strings. The last term, the tadpole, is responsible for the termination of a string into the vacuum and is simply given by ρ(l) = δ(l), meaning that only strings of length zero can be terminated. The disc function of the model can be written in the string field theory language as follows, 
These equations express the fact that the solution should be slowly varying in time for t → ∞. In the limit where the joining of strings is forbidden (α → 0), the DS equation (18) 
